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Abstract
Let N be a sufficiently large even integer and S(N) denote the number of solutions of the equation
N = p + P2,
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In 1966 Jingrun Chen [4] announced his remarkable theorem—Chen’s theorem: let N be a
sufficiently large even integer and S(N) denote the number of solutions of the equation
N = p + P2,
where and in what follows p, with or without subscript, is a prime and P2 is an almost-prime
















p − 2 ,
and the detail was published in [5]. The original proof of Jingrun Chen was simplified by Pan,
Ding and Wang [17], Halberstam and Richert [12], Halberstam [11], Ross [19]. In [12] Halber-
stam and Richert announced that they obtained the constant 0.689 and a detail proof was given
in [11]. In p. 338 of [12] it says: “It would be interesting to know whether the more elaborate
weighting procedure could be adapted to the numerical improvements and could be important.”





















1338 Y. Cai / Journal of Number Theory 128 (2008) 1336–1357The same sieve procedures may be applied in Chen’s theorem in short intervals.
Chen’s theorem in short interval was first studied by P.M. Ross [20]. For U = Nθ let S(N,U)
denote the number of solutions of the equation



















p − 2 .
The constant 0.98 was improved successively to
0.973, 0.9729, 0.972, 0.971
by J. Wu [23], Salerno and Vitolo [21], Y.C. Cai and M.G. Lu [3] and J. Wu [25], respectively.
By sieve procedures similar to that in Theorem 1, we have the following sharper.
Theorem 2. Let N be a sufficiently large even integer, U = N0.97. Let S(N,U) be the number of
solutions of the equation
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0.3445, 0.3772, 0.405, 0.71, 1.015, 1.05, 1.0974, 1.104
by Halberstam [11], J.R. Chen [6,7], Fouvry and Grupp [9], H.Q. Liu [16], J. Wu [22],
Y.C. Cai [1] and J. Wu [25], respectively.
We also attempted to apply sieve procedures similar to that in Theorem 1 to π1,2(x). But
unfortunately, due to the larger level of distribution of the sequence {p+2 | p  x}, an inequality
of the form
S
(Ap,N 113.2 ) S(Ap,p 12.5 )
is not available, hence Lemma 7 is not applicable in this case. Even so, by the sieve procedure in
Theorem 1 with the bilinear error term of the sieve theory in [13] and the mean value theorems






Since the detail of the proof of Theorems 2, 3 is similar to those of the theorems in [3] and
in [1] so we omit them in this paper.
2. Some lemmas
Let A denote a finite set of integers, P denote an infinite set of primes, P denote the set of




p, P(q) = {p ∣∣ p ∈P, (p, q) = 1},







∣∣ a ∈A, a ≡ 0 (mod d)}.
Lemma 1. (See [14].) If
(A1) |Ad | = ω(d)
d













, z2 > z1  2,
where ω(d) is a multiplicative function, 0 ω(p) < p, X > 1 is independent of d . Then
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, f (s) = 0, 0 < s  2,(
sF (s)
)′ = f (s − 1), (sf (s))′ = F(s − 1), s  2.






































t + 1 du
)
, 5 s  7;
f (s) = 2e
γ log(s − 1)
s
, 2 s  4;















, 4 s  6;








t−1∫ log(u − 1)
u
du3 2












t + 1 log
s
u + 2 du
)
, 6 s  8.











g(x, a)H(y;a, d, l)
∣∣∣∣∣ xlogA x ,
where











E(x)  x1−α, 0 < α  1,
g(x, a)  dr(a), D = x 12 log−B x.
Remark 1. (See [18].) Let r1(y) be a positive function depending on x and satisfying r1(y)  xα













)∣∣∣∣∣ xlogA x .
Remark 2. (See [18].) Let r2(a) be a positive function depending on x and y such that













)∣∣∣∣∣ xlogA x .
Lemma 4. (See [15,18].) Let




Then for u 1, we have
∑
nx













, 1 u 2,(
uw(u)
)′ = w(u − 1), u 2.





w(u) < 0.5644, u 3,
w(u) < 0.5617, u 4.
3. Weighted sieve method
Let N be a sufficiently large even integer and put
A= {a | a = N − p, p < N}, (3.1)
P = {p ∣∣ (p,N) = 1}. (3.2)





























Lemma 5 appeared in [7] with (α,β) = ( 112 , 13.047 ) and (α,β) = ( 19.2 , 13.41 ) but without proof,
a proof is given in [1] with the restriction α + 3β > 1. It is pointed out in [25] that this restriction
is not necessary and this is important in [25]. Now we provide another proof which seems to be
illuminating.









and Buchstab’s identity we have























































































Now we add (3.3) and (3.4) and by (3.5) Lemma 5 follows. 










































































































































(Ap1p2;P(p1),p2)+ O(N 12.213.2 )
= 1
2
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2
S1 + 12S2 −
1
2
S3 − 12S4 −
1
2




























































































































If p2  ( Np1 )
1
3 , then p2  ( Np1p2 )
1










































On the other hand, if p2  ( Np1 )
1
3 , then p2  ( Np1p2 )
1

















































































































































+ O(N 12.213.2 ), (3.13)
where an argument similar to (3.6) is used. By Lemma 5 with (α,β) = ( 113.2 , 13 ) and (α,β) =
( 18.4 ,
1
3.604 ) and (3.7)–(3.8), (3.12)–(3.13) we complete the proof of Lemma 6. 
4. Proof of Theorem 1
In this section, sets A and P are defined by (3.1) and (3.2), respectively. Then we have













p − 2 = 2C(N).
4.1. Evaluation of S1, S2, S3
Let D = N
1
2




































S1 = 3S11 + S12  53.77346C(N)N2 , (4.1)log N











log(5.6 − 13.2(t1 + t2))













log(5.6 − 13.2(t1 + t2))
t1t2(1 − 2(t1 + t2)) dt1 dt2,












log(5.6 − 13.2(t1 + t2))































s + 1 log
5.6(5.6 − t)
































s + 1 log
5.6(5.6 − t)





S3 = S31 + S32  41.30334C(N)Nlog2 N . (4.3)



























1 + O(N 12.213.2 )
= S′ + O(N 12.213.2 ), (4.4)61




































By the definition of the set E , it is easy to see that for every e ∈ E , p1,p2,p4 are determined by
e uniquely. Let p2 = r(e), then we have
N
1
13.2 < r(e) < N
1

















4.4 < e < N
12.2
13.2 , e ∈ E,
|E |  N 12.213.2 ,
∑
l∈L, lN 14
1  N 12.213.2 .
S′61 does not exceeding the number of primes in L, hence






, zN 14 . (4.6)
By Lemma 1 we get
S
(L,D 12 ) 8(1 + o(1))C(N)|L|
logN
+ R1 + R2, (4.7)
where



































8.4 , N )
1.(e,d)>1 3 e














































































































 N 12.213.2 log2 N, (4.8)





































































By Lemma 3, Remarks 1, 2 we get
Rj  Nlog4 N , j = 3,4,5. (4.10)























1 + O(N 12.213.2 )
<
(








+ O(N 12.213.2 )























By (4.4)–(4.11) we get
S61 
(
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By (4.12) and (4.13) we obtain






4.3. Evaluation of S4, S7























































S4 = S41 + S42  10.69142C(N)N2 , (4.15)log N
























4.4. Evaluation of S5
Let D = N 12 log−B N with B = B(5) > 0 in Lemma 3, and p = D
p
.
Lemma 7. For N
1









































(App1p2p3;P(p1),p2)+ O(N 1920 ).
This lemma appeared in [8] with the parameter ( 12.5 , 13.5 ) but without proof, and a proof was
given in [22]. For the sake of completeness we repeat it here.
Proof of Lemma 7. By Buchstab’s identity, we have
S
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Now we add (4.17) and (4.18), sum over p in the interval [D1,D2) and by (4.19), we get





























For p N 4.100113.2 we have
p
1
2.5 N 113.2 , S
(Ap,N 113.2 ) S(Ap,p 12.5 ).
























































































































































































 1.56900C(N)N2 , (4.24)log N















































Finally, by (4.24) and (4.25) we have
S5 = S51 + S52  1.87213C(N)Ulog2 N . (4.26)
4.5. Proof of the theorem
By (4.1)–(4.3), (4.14)–(4.16) and (4.26) we get
S1 + S2  58.97476C(N)Nlog2 N ,
S3 + S4 + S5 + S6  54.47421C(N)Nlog2 N ,
2S(N) 1
2






















The theorem is proved.
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